Abstract. The purpose of this paper is to evaluate the limit I (a) of the sequence
where a ∈ (0,+∞) . We give some lower and upper estimates for
, n ∈ N.
Introduction
In the problem proposed by A. G. Ioachimescu [8] in 1895, it is asked to be shown that the sequence (S n ) n∈N , defined by S n = 1 +
n, for each n ∈ N, is convergent and its limit lies between −2 and −1.
There have been given many generalizations and other results regarding Ioachimescu's problem in the literature (see, for example, [1] , [2] , [3] , [4, Theorem 1, parts a) and b)], [5, problem 3, p. 534] , [6, problem 3.1, p. 431] , [7, problem P2 , parts (i) and (ii)], [9, pp. 27-33] , [10] , [11] , [12] ). As it is mentioned in [4, p. 199 ], M. Bȃtineţu-Giurgiu proposed in 1992 the following problem. Let a, r ∈ (0, +∞) and (a n ) n∈N be the sequence defined by a n = a + (n − 1)r , for each n ∈ N. Show that the sequence r
We consider the sequence (I n ) n∈N defined by I n = 1 +
, for each n ∈ N. Also, we denote the limit of (I n ) n∈N by I and we call it Ioachimescu's constant.
In Section 2 we present a generalization of Ioachimescu's constant as the limit of the sequence
, where a ∈ (0, +∞), and we denote this limit by I (a). In Section 3 we give estimates for I n − I , n ∈ N, and in Section 4 we give some estimates for
, Theorem 2) Let a ∈ (0, +∞). We consider the sequences (x n (a)) n∈N and (y n (a)) n∈N defined by
for each n ∈ N. Then:
(i) the sequences (x n (a)) n∈N and (y n (a)) n∈N are convergent to the same number, which we denote by I (a), and satisfy the inequalities x n (a) < x n+1 (a) < I (a) < y n+1 (a) < y n (a), for each n ∈ N;
REMARK 2.1. The sequence (y n (a)) n∈N from Theorem 2.1, for a = 1 , becomes the sequence (I n ) n∈N , so I (1) = I . . We consider the sequences (x n (a)) n∈N and (y n (a)) n∈N from the enunciation of Theorem 2.1, of which limit we denoted by I (a).
Then:
Lower and upper estimates for
We consider the sequence (I n ) n∈N , presented in Section 1, of which limit we denoted by I . Then
Proof. We consider the sequence (u n (r)) n∈N defined by
for each n ∈ N, where r > −2. We have
for each n ∈ N. Set λ n := n(n + 1) and μ n := √ n + 1 + √ n , for any n ∈ N. Clearly, λ 2 n = n(n + 1) and μ 2 n = 2n + 1 + 2λ n , for each n ∈ N. It is not difficult to see that n =
We consider the function f :
We have lim n→∞ u n (α p ) = I . Now we can write that
e. the sequence (u n (0)) n∈N is strictly increasing. We have lim n→∞ u n (0) = I . Now we can write that
for each p ∈ N, is strictly decreasing. THEOREM 3.2. We consider the sequence (I n ) n∈N , presented in Section 1, of which limit we denoted by I . Then
Moreover, the constants α and β are the best possible with this property.
Proof. We follow the proof of Theorem 3.1, with p = 2 , regarding the lower estimate. One of the two solutions of the equation −μ 2 2 t 2 − 2μ 3
for each μ ∈ (μ 2 , +∞). Therefore
It is easy to see that u 1 (α 2 ) = I 1 − 1 2+α 2 < I , hence the lower estimate does not hold for n = 1 , with α 2 .
We have α 1 > α > α 2 . With α = 2 I − 1 1 − I we have the equality
1, +∞), we are able to write that 0 f (α 2 , μ) > f (α, μ), for each μ ∈ [μ 2 , +∞). So, u n+1 (α) − u n (α) < 0 , for each n ∈ N \ {1} , i.e. the sequence (u n (α)) n 2 is strictly decreasing. We have lim n→∞ u n (α) = I . Now we are able to write that
for each n ∈ N \ {1} .
Some estimates for y n (a) − I (a)
THEOREM 4.1. Let a ∈ (0, +∞). We consider the sequence (y n (a)) n∈N from the enunciation of Theorem 2.1, of which limit we denoted by I (a).
Then 1
, for each n ∈ N \ {1} .
Proof. We consider the sequences (u n (a)) n∈N and (v n (a)) n∈N defined by u n (a) = y n (a) − 1 2 a + n − 4 5 and v n (a) = y n (a) − 1 2 a + n − 5 6 , for each n ∈ N. We have
, for each n ∈ N. Set x := a + n . We have
. Also, we have that .
It follows that F(x) < 0 and therefore E(x) < 0, for any x ∈ (2, +∞). This means that u n+1 (a) − u n (a) < 0 , for each n ∈ N \ {1} , i.e. the sequence (u n (a)) n 2 is strictly decreasing. Using this, as well as the fact that lim n→∞ u n (a) = I (a), we are able to write
. Also, we have that
x − 
It follows that H(x) > 0 and therefore G(x) > 0, for any x ∈ (2, +∞). This means that v n+1 (a) − v n (a) > 0 , for each n ∈ N \ {1} , i.e. the sequence (v n (a)) n 2 is strictly increasing. Using this, as well as the fact that lim n→∞ v n (a) = I (a), we are able to write that y n (a) − 1 2 a + n − 5 6 = v n (a) < I (a),
REMARK 4.1. We have , for each n ∈ N.
Proof. We take a = 1 in Theorem 4.1 and it is not difficult to see from the proof of this theorem that the estimates hold for n = 1 too in this case.
Having in view the results obtained so far, it would be an interesting problem to be found the best possible constants α and β , with the property that 1 2 √ n + α I n − I 1 2 n + β , for each n ∈ N.
